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Abstract 

We construct a functor from the derived category of homotopy Gerstenhaber 
algebras, g, with finite-dimensional cohomology to the purely geometric category of 
so-called Foo-manifolds. The latter contains Frobenius manifolds as a subcategory 
(so that a pointed Frobenius manifold is itself a homotopy Gerstenhaber algebra). If 
happens to be formal as a Loo-algebra, then its Foo-manifold comes equipped with 
the Gauss-Manin connection. Mirror Symmetry implications are discussed. 



1 Introduction 

Frobenius manifolds play a central role in the usual formulation of Mirror Symmetry, as 
may be seen in the following diagram. 



A category of compact 
symplectic manifolds 



GW 



A category of 
Frobenius manifolds 



BK 



A category of compact 
Calabi — Yau manifolds 



where morphisms in all categories are just diffeomorphisms preserving relevant struc- 
tures, and GW and BK stand, respectively, for the Gromov-Witten (see, e.g., |[Ma2|| ) and 



Barannikov-Kontsevich |PK| , pa|] functors. A pair (M, M) consisting of a symplectic mani- 
fold M and a Calabi- Yau manifold M is said to be Mirror if GW(M) = BK(M). According 
to Kontsevich | JKol[ , this equivalence is a shadow of a more fundamental equivalence of 
natural Aoo-categories attached to M and M. 



This paper is much motivated by the Barannikov-Kontsevich construction [BK, Ba 



of the functor from the right in the above diagram, and by Manin's comments [[Mal|] on 
their construction. The roots of the BK functor lie in the extended deformation theory 
of complex structures on M, more precisely in very special properties of the (differential) 
Gerstenhaber algebra q "controlling" such deformations. One of the miracle features of 
Calabi- Yau manifolds, the one which played a key role in the BK construction, is that 
deformations of their complex structures are non-obstructed, always producing a smooth 
versal moduli spaceQ. In the language of Gerstenhaber algebras, the exceptional algebraic 
properties necessary to produce a Frobenius manifold out of g, have been axiomatized in 

similar phenomenon occurs in the extended deformation theory of Lefschetz symplectic structures 



which also produces, via the same BK functor, Frobenius manifolds |Mel|. These should not be confused 
with GW. 



1 



Mai 



Ma2|| . As a result, the functor 



"Exceptional" 
Gerstenhaber algebras 



BK 



Frobenius 
manifolds 



is now well understood. 

One of our purposes in this paper is to extend the BK functor from the category 
of Calabi-Yau manifolds to the category of arbitrary compact complex manifolds. Which 
means the study of a diagram 



Arbitrary 
Gerstenhaber algebras 



Generically, the extended deformation theory of complex structures is obstructed, and it 
would be naive to expect that the question mark above stands for the category of Frobenius 
manifolds. In fact, it is not, and the answer is captured in the following notion. 

1.1. Definition. An Foo-manifold is the data {T-[,E,d, [/i*],e), where 
(i) ?i is a formal pointed Z-graded manifold. 



(ii) E is the Euler vector field on TC, Ef := ||/|/, for all homogeneous functions on TC 
of degree | / 1 , 

(iii) d is an odd homological (i.e. = 0) vector field on H such that [E, d] = |9 and 
dl C I being the ideal of the distinguished point in H, 



(iv) [fin : — ^ T-h], G N, is a homotopy class of smooth unital strong homo- 
topy commutative (Coo) algebras defined on the tangent sheaf, 7^, to H, such that 
LieEfJ^n = for all n eN, and /ii is given by 

f^i '■ %i. — ^ %i 
X /xi(X) := 



(v) e is the unit, i.e. an even vector field on Ti such that [9, e] = 0, /i2(e,X) = X, 
VX G Tt^, and /i„(. . . , e, . . .) = for all n > 3. 



Clearly, the category of Foo-manifolds containes Frobenius manifolds as a subcategory. 

On any Foo-manifold the vector field d defines an integrable distribition, Im /zi, which is 
tangent to its subspace of zeros, "zeros(9)". The structures (i)-(v) make the tangent sheaf 
to the smooth part of the associated quotient, "zeros(9)"/lm/ii, into a sheaf of graded 
unital associative algebras. 

Theorem A. For any differential unital (graded commutative) Gerstenhaber algebra 
Q, its cohomology, H(g), if finite- dimensinal, is canonically an Foo-manifold. 
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The resulting diagram 



Differential unital 
Gerstenhaber algebras 



implies, in turn, a diagram. 



^ oo 

manifolds 



A category of compact 
symplectic manifolds 




A category of 
Foo — manifolds 




A category of compact 
complex manifolds 







A category of 
holomorphic vector bundles 
on compact complex manifolds 



through the Gerstenhaber algebras controlling extended deformations of symplectic, com- 
plex and holomorphic vector bundle structures. Moreover, the Foo-functor enjoys the cor- 
rect "classical limit": when restricted to exceptional Gerstenhaber algebras (i.e. the ones 
satisfying Manin's axioms ||Mal|| ), the Foo-functor coincides precisely with the Barannikov- 

and hence takes values in the subcategory of Frobenius 



Kontsevich construction 
manifolds. 

Let us emphasize once again that, in the above diagram, Foo(symplectic manifolds) has 
nothing to do with Gromov-Witten invariants^. Nevertheless, to rather different mathe- 
matical objects we can canonically attach invariants lying in one and the same geometric 
category. Hence we can use these Foo-invariants for a classification, and even speak about 
dull mirror symmetry when 

Foo(Object) = Foo(6bj^t). 



Such a relation may be a shadow of something conceptually more interesting (cf. |Kol| ]). 
Theorem A is explained and generalized by the following 

Theorem B. There is a canonical functor, F^o, from the derived category of unital 
homotopy Gerstenhaber (Goo) algebras with finite- dimensional cohomology to the category 
of Foo-manifolds . 

This result implies that the cohomology space of any homotopy Gerstenhaber algebra 
is, if finite-dimensional, canonically an Foo-manifold, 



Homotopy 
Gerstenhaber algebras 



oo 

manifolds 



The recent proof of Deligne's conjecture |[lal| , [Ko3| , |V|, |MS|| gives the following dia- 
grammatic corollary of Theorem B, 









Hochschild complex 




^ oo 




algebra A 




G*{A, A) 




manifold 



^At best, this is a very weak shadow of the Mirror Symmetry, see below. 
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which, probably, has a direct relevance to the Mirror symmetry through the following 
specializations, C and D, of statement B. 



Any Goo-algebra q is, in particular, a Loo-algebra so that its cohomology, H(0), has 
the induced structure, [ , ]ind, of Lie algebra. If there exists a quasi-isomorphism of Loo- 
algebras, 

(0, Loo— component of the Gqc— structure) — > (H(0), [ , ]ind) , 

then Q is said to be Loo-formal, and F is called a formality map. In terms of the associated 
Foo-invariant, the Loo-formality of a Goo-algebra g gets translated into a canonical flat 
structure, the Gauss-Manin connection V, such that Vxe = and VxVyVz<9 = for any 
fiat vector fields X, Y and Z. This specialization of Foo-structure is called pre-FroheniuSoo 
structure. 



Theorem C. There is a canonical functor from the category of pairs {g,F), where g 
is a Loo-formal homotopy Gerstenhaber algebra and F a formality map, to the category of 
pre- Frobenius 00 manifolds. 

In fact, a pre-FrobeniuSoo manifold (a Frobenius manifold, in particular) is itself a 
homotopy Gerstenhaber algebra. 

According to Kontsevich's celebrated Formality Theorem ||Ko2|| , for any compact com- 
plex manifold M, the Hochschild differential Lie algebra, C'{A,A), associated to the alge- 
bra of Dolbeault forms, A = (r(M, f2^'),9), is Loo-formal so that Theorem C has a wide 
area of applications. 

Theorem D. // a homotopy Gerstenhaber algebra g is quasi-isomorphic, as a Loo- 
algebra, to an Abelian differential Lie algebra, then the tangent sheaf, T-}^, to its cohomology 
H(0) viewed as a linear supermanifold is canonically a sheaf of unital graded commutative 
associative algebras. 

The point is that the Hochschild complex built out of the Dolbeault algebra, A = 
(r{A4,Q^j^'j),d), of a Calabi-Yau manifold A4, satisfies the conditions of Theorem D. In 
fact, the canonically induced associative product on the tangent sheaf to the associated 
linear supermanifold, H*(A^, A'Tvj), is, for an appropriate formality map, potential and 
satisfies the WDVV equations. The resulting composition. 



Calabi — Yau 




{C^^^^{A,A),forma\\ty map, trace) 


Fee 


Frobenius 


manifold M 




where^= (r(M,Q^*),9) 




manifold 



together with its analogue for the de Rham algebra of a compact Lefschetz symplectic 
manifold, will be discussed in the second part of this paper. 



The paper is organized as follows: 

Section 2: the origin of the data (i)-(iii) in Definition 1.1 of an Foo-manifold is explained via the 
deformation theory. Here we use only the Loo-component of a Goo-structure. The 
main technical tool is a modified version of the classical deformation functor which 
is proved to be non-obstructed. This part of the story is, probably, of independent 
interest . 
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Section 3: we use a homotopy techique to explain the origin of the data (iv)-(v) in Definition 1.1, 
and to prove Theorems A-D. 

Section 4: we give second proofs of the main claims of this paper using perturbative solutions 
of algebro-differential equations. 

2 Deformation functors 

2.1. Odd Lie superalgebras. Let A; be a field with characteristic 7^ 2. An odd Lie 

superalgebra over is a vector superspace fl = ® fli equipped with an odd /^-linear map 

[•] : g — > g 

a 6 — > 

which satisfies the following conditions 

(a) odd skew-symmetry: [a •b] = — (— l)('^+i)(^+i)[5 • a], 

(b) odd Jacobi identity: 

[am[b* c]] = [[a • b] • c] + (-l)(-+i)(^+i) [6 • [a • c]], 

for all a,b,c E QqU Qi- 

The parity change functor transforms this structure into the usual Lie superalgebra 
brackets, [ , ], on Ilg. Thus odd Lie superlgebras are nothing but Lie superalgebras in 
the "awkwardly" chosen Z2-grading. For this reason we sometimes omit the prefix odd, 
and treat (g, c?, [ • ]) and {Ilg,d, [ , ]) as different representations of one and the same 
object. One advantage of of working with [•] rather than with the usual Lie brackets [ , ] 
is that this awkward Z2 grading induces the correct, for our purposes, Z2-grading on the 
associated cohomology supermanifold (see below). Another advantage will become clear 
below, when we introduce on g one more algebraic structure (an even, in this awkward 
Z2-grading, associative product) making q into a Gerstenhaber algebra (cf. | |lVlal , Ma2|). 



2.2. Cohomology as a formal supermanifold. A data (g, [ • ],(i) with (g, [ • ]) 
being a Lie superalgebra and 

d-Q — > 

an odd fc-linear map satisfying 

d[a»b] = [da • b] - {~lf[a • db] 



is called a differential Lie superalgebra, or shortly dLie-algebra. This triple (g, [•],(i) is 
often abbreviated to g. 

The cohomology of g, 

H(g) := Kerd/lmrf, 

inherits the structure of Lie superalgebra. We always assume in this paper that H(g), 
which we often abbreviate to H, is a finite dimensional superspace, say dimH = p\q. Let 
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{[cj], i = 1, . . . ,p + be a basis consisting of homogeneous elements with parity denoted 
by i, and {f,i — 1, . . . ,p + q} the associated dual basis in H*. The supercommutative ring, 

k[[t^, . . . , t^"*"^]], of formal power series will be abbreviated to k[[t]]. The (purely) notational 
advantage of working with k[[t]] rather than with the invariantly defined object 0*H* is 
that we shall want viewing 

(i) H as a smooth formal pointed (p|g)-dimensional supermanifold denoted (to empha- 
size this change of thought) by H or Hg, 

(ii) {f} as linear coordinates on 7i, 

(iii) k[[t]] as the space of global sections of the structure sheaf, C-^, on 7i. 

The ideal sheaf of the origin, G 7i, will be denote by /. 
There is a canonical map 

s: k[[t]]®U H\n,Tn) 

where H^{H,Ty) stands for the space of global sections of the sheaf, 7^, of formal vector 
fields on H. There is a well defined action of H^{H,%i) on both k[[t\] ® H and k[[t\] ® 5 
through the first factor. If X is a formal vector field on Ti and F is an element of k\^\\ ® 
(or of k\^]\ ® H), then the result of this action is denoted by X^F. 

Any element F in ® g (or in k[[t\\ ® H) can be uniquely decomposed, 

F = F[o] + F[i] + . . . + F[„] + . . . 

into homogeneous polynomials, F[„], of degree n in the variables f' . The sum of the first n 
terms in the above decomposition is denoted by F(„), i.e. F(„) = F mod /"+^. 

We shall call an element F G ® versal if it is even, F mod / = 0, F[i] = 

F mod /2 e / ® Ker d and F[i] mod \m d = ECi ^'h]- 

The sheaf 7^ comes canonically equipped with a fiat torsion-free affine connection V 
whose horizontal sections are, by definition, the linear span of s([ei]), i — 1, . . . ,p + q, i.e. 

VX= 

if and only of s~^{X) is a "constant" (independent of f) element in k[[t]] H. This 
connection memorizes the origin of 7i as a vector supcrspace. 

It will be important, in this paper, to ignore sometimes the flat structure and view 
7i only as a smooth formal supermanifold with a distinguished point but no preferred 
coordinate system. To avoid possible confusion, we adopt from now on this latter viewpoint 
unless the flat connection V is explicitly mentioned. 

2.2.1. Z-grading. Differential Lie superalgebras (g, (/,[•]) which we often encounter 
in geometry have their Z2-grading induced from a finer structure, 1^ grading, which is, by 
definition, a decomposition of g into a direct sum, 

with the following consistency conditions 
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(a) dg' C g'^\ and 



(b) [q' • s^] c g'+^-\ 

The Z2-gradmg associated to this structure is then simply gg := 0jg2zS* 01 
e ig2Z+l • 

Clearly, there is an induced Z-grading on the cohomology Lie superalgebra, H = 
©jgzH*(g), as well as on the structure sheaf, On, of the associated cohomology superman- 
ifold. 



2.3. Classical deformation functor. One of the approaches to constructing a 
(versal) deformation space of a given mathematical structure A consists of the following 
steps (see, e.g. [pM| , |Ko2| , pa[] , and references therein): 

1) Associate to ^ a "controlling" differential Z-graded Lie algebra (g = 0^^^ g'^, c^, [ • ]) 
over a field k (which is usually R or C). 



2) Define the deformation functor 

,0 [the category of Artin 1 r^u ^ c ^ ^ 

Def„ : < , , , 1 1 ? — > \ the category of sets \ 

9 [ /c- local algebras J ^ ^ 

as follows 

Def J(i3) = |r G (g ® misf | rfL + ^[L . L] = o| / exp (g ® mis)\ 

where ms is the maximal ideal of the Artin algebra B, the latter is viewed as a 
Z-graded algebra concentrated in degree zero (so that (g me)* = g* ® m^), and 
the quotient is taken with respect to the following representation of the gauge group 
exp (g ® msy, 

adg _ 1 

r ^ = e^'i^r -—dg, ge{g® ms)\ 

adg 

where ad is just the usual internal automorphism of g, ad^F := [(7 • F]. 



3) Try to represent the deformation functor by a topological (pro- Artin) algebra Om so 
that 

Def°(S) = Hom,ont(OM,i3)- 

This associates to the mathematical structure A the formal moduli space M. whose 
"ring of functions" is Om- 

In geometry, one often continues with a fourth step by constructing a cohomological 
splitting of g and applying the Kuranishi method |[Ku| , |GM|| to represent versally the de- 
formation functor by the ring of analytic (rather than formal) functions on the Kuranishi 
space. 
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The tangent space, Defg to the functor Defg is isomorphic to the cohomology 

group H^(g) of the complex (g, d). If one extends in the obvious way the above deformation 
functor to the category of arbitrary Z-graded /c-local Artin algebras (which may not be 
concentrated in degree 0), one gets the functor Def * with the tangent space isomorphic to 
the full cohomology group (BiezH^O)- 

When working with the extended deformation functor Def* it is often no loss of es- 
sential information to forget the Z-grading on q and keep only the associated Z2-grading. 
One gets then the following equivalent definition of Def*: 

,* f the category of Artin 1 r,i , r , 

Def „ : < , , , , 1 )■ — > 1 the category of sets Y 

s [ /e-local super algebras J 

Def;(i3) := |r e (g ® 7713)0 I dT + ^[T • T] = o| /exp (5 ® mB)i. 

This functor is represent able by a smooth formal moduli space A4 if there exists a 
versal (in the sense of Sect. 2.2) solution, 

r = Y^ Cat'' + J2 ^a.a.t'^'i^' + • • • £ (fl ® fc[M])6, (1) 

to the so-called Maurer-Cartan equation^ 

rfr+i[r.r] = o. 

Due to versality of F, any other solution over an arbitrary Artin algebra B is equivalent to 
this one by a base change k\^\\ B. 

2.3.1. Loo-morphisms, pEirt I. Let Qi and 02 be two dLie- algebras. To formulate 
the basic theorem of the classical deformation theory, we shall need the following notion: 
a sequence of linear maps 

i^n:©"0i — ^02, n = l,2,..., F„ = n + 1, 

defines a L^-morphism from Qi to 02 if 



dFni'yi, 72, • • • , 7n) + X] ±-^n(7l, • • • , c^7i, • • • , 7n) 



i=l 



^ ^ IT/T ^ [^fe(7<Ti, ■ ■ ■ , 7aJ • Fi{^ak+i, 7aj] + 



2 km ^ 

k+i=n (TeS„ 
k,l>l 

+ Yl • 7j], 7l, • • • , 7n), 

i<j 

for arbitrary 7i, . . . , 7n e 0i- 

In particular, the first map Fi is a morphism of complexes which respects the Lie 
brackets up to homotopy defined by the second map F2. 
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A Loo-morphism F = : Qi —>■ Q2 is called a quasi-isomorphism if its linear part 

Fi induces an isomorphism, H(gi) H(g2), of associated cohomology groups. 

2.3.2. Basic Theorem of Deformation Theory [|Ko2|] . An Loo-morphism F = 



{Fn} : 01 ^ 02 defines a natural transformation of the functors 
F.: Def; Def; 

r i^*(r):=Er=i^^n(r,...,r), 

i.e. if T is a solution to Maurer-Cartan equations in (01 ® "02^)0; then F^{V) is a solution 
to Maurer-Cartan equations in (02 ®'^b)o- 

Moreover, if F is a quasi-isomorphism, then F^ is an isomorphism. 

2.3.3. Corollary. If a dLie- algebra g is quasi-isomorphic to an Abelian dLie-algebra, 
then Def* is versally representable by a smooth formal pointed supermanifold Tig (the co- 
homology supermanifold of g). 

Proof. If [) is an Abelian dLie-algebra, then, in the notations of Sect. 2.2, 

dimH(fi) 

1=1 

is a versal solution of Maurer-Cartan equations. Hence Def ^ is representable by Tit,. 

If is quasi-isomorphic to f), the required statement follows from Theorem 2.3.2 and 
the isomorphism Hg = Ti^. □ 

There are two remarkable examples, one dealing with extended deformations of com- 



plex structures on a Calabi-Yau manifold |BK| and another with extended deformations of 



the symplectic structure on a Lefschetz manifold [[Melf , when the rather strong condition 
of Corollary 2.3.3 holds trueQ. In general, however, there will be obstructions to construct- 
ing a versal solution to the Maurer-Cartan equations, and we will have to resort to other 
technical means such as modifying the deformation functor as explained below in Sect. 2.4 
below or further extending the deformation problem to the category of Loo-algebras. 

2.3.4. Example (deformations of complex manifolds). It is well known that 
the total space of the cotangent bundle, fij^, to a real ra-dimensional manifold M carries a 
natural Poisson structure { , } making the structure sheaf Cqi into a sheaf of Lie algebras. 
In a natural local coordinate system {x°',Pa '■= d/dx°'), 

df dg df dg 

if, 9} 



dpa dx°- dx°- dpa 

If we now change the parity of the fibers of the natural projection M (which is 

allowed since they are vector spaces), we will get an (n|n) -dimensional supermanifold IIJl]^ 
equipped with a natural odd Poisson structure { • } making the structure sheaf Cn^i into 



■^One more example (of a different technical origin though of the same mirror symmetry flavor) when 
a naturally extended deformation problem gives rise to a smooth extended moduli space is discussed in 



9 



a sheaf of odd Lie super algebras. In a natural local coordinate system {x^'^ipa '■= Ild/dx'^) 

on nii^, 

df dg , , ,yg(^f-+i)dg_df_ 



dipa dx"- dlpa dx^ 

The smooth functions on H^l^ have a simple geometric interpretation in term of the un- 
derlying manifold M — they are just smooth polyvector fields. Indeed, a standard power 
series decomposition in odd variables gives 

n 

fe=0 ai,...,afc 

implying the isomorphism of sheaves Ohqi — A*T^, where is the real tangent bundle to 
M. 

Therefore, the sheaf A'Tjr with the Z2-grading, 

(A*Tm)o := A^^^^Tm, (A*TM)i := A^'^'Tj^, 

induced from that on Ohqi , is naturally a sheaf of odd Lie superalgebras. The odd Poisson 
bracket { • } is called, in this incarnation, the Schouten bracket and is often denoted by 
[• ]sch. 

If M is a complex manifold, then the canonical odd Poison structure on the parity 

changed holomorphic cotangent bundle, Iirij^^, is itself holomorphic giving rise thereby to 
the structure of odd Lie STipcralgebra on the sheaf, A'Tm, of holomorphic polyvector fields. 
This can be used to make the vector space 

feez i+j=k 

into a Z-graded differential algebra by taking 9, the (0, 1) part of the de Rham operator, 
as a differential, and the map, 

[•]: r{M,A'^TM<»A''Tl,) X r{M,A'^TM<»A^'T*,^) ^ r{M,A'^+'^-^TM A^'+^'T*,^) 

Xi^Wi X X2®W2 [Xi (g) • X2 (8) W2\ , 

given by 

[Xi • X2 (8) W2] := (-l)^"'[Xi • Xsjsch (8) {wi A W2). 
as the (odd) Lie brackets. 

The importance of this dLie-algebra stems from the fact that the associated deforma- 
tion functors Defg and Def * describe, respectively, ordinary and extended deformations of 
the given complex structure on a smooth manifold M. Indeed, a complex structure on a 
real 2n-dimensional manifold M is a decomposition, C §>> = Tm © Tm, of the complexi- 
fied real tangent bundle into a direct sum of complex integrable distributions, Tm and its 
complex conjugate Tm- Another decomposition hke that, C <Si Tg^ — Tj^ ® Tm, can be 
described in terms of the original complex structure by the graph, Tm, of a linear map 
r : Tm — ^ Tm, i.e. by an element P e Q^. The integrabihty of Tj^ amounts then to the 
Maurer-Cartan equation in g^, 

9P + ^[P.P]sch = 0. 
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By solving (if possible) the above equation in the full Lie algebra g rather than in its subal- 
gebra (and taking the quotient by the gauge group describing equivalent deformations), 
one gets a so-called extended complex structure on M whose geometric meaning is not yet 
fully understood. It is understood ||Kol |, however, that this structure does have an impor- 



tant Mirror Symmetry aspect (at least for Calabi-Yau manifolds) : Kontsevich noticed that 
his Formality Theorem [[Ko2|| identifies the moduli space of extended complex structures 
on a given complex manifold M with the moduli space of Aqo- deformations of the derived 
category of coherent sheaves on M, mirror counterpart of the conjectured Fukaya category 
built out of a dual complex manifold M. 

If M is a Calabi-Yau manifold, then, as was shown by Barannikov and Kontsevich 
BK|| , the Maurer-Cartan equations in g admit a versal solution of the form (|I]) implying 
that the moduli space of extended deformations of complex structures on M is smooth, and 
is isomorphic^ to Ti. In fact they have shown much more ||BK| , Pa|| : in this case Ti has an 



induced structure of Frobenius manifold which conjecturally coincides with the Frobenius 
manifold structure on if*(M, C) constructed via the Gromov-Witten invariants of the dual 



Calabi-Yau manifold M. Barannikov Pa|| checked this conjecture for projective complete 
intersections Calabi-Yau manifolds. 

For a general complex manifold M, the (extended) deformations are obstructed and 
the Maurer-Cartan equations associated to g have no versal solutions of the form (|l]). It 
is one of the main tasks of this paper to understand what happens to the Barannikov- 
Kontsevich's Frobenius structure on T-j-i in the presence of obstructions. 

2.3.5. Example (deformations of Poisson and symplectic manifolds). It is 

well known that a 2- vector field, z/q G r(M, A^Tr), defines a Poisson structure, 

{f,9} = Mdf ®dg), f,geOM, 
on a smooth real n-dimensional manifold M if and only if 

[t'O • J^ohch = 0. 

Then a deformed 2- vector field, z/q + z/ G r(M, A^Tk), is again a Poisson structure if and 
only if u satisfies the Maurer-Cartan equation, 

du+ ^[z/« z/]sch = 0, 
in the differential Z-graded algebra 

^ n 

g = 0r(M, A^Tm), [ . ]sch, d:=[uo*.. .]sch 

i=0 

Hence the associated deformation functors Defg/Def * describe (extended) deformations of 
the given Poisson structure i>o on M. 

"^Strictly speaking, this isomorphism holds true in the category of formal manifolds, in which we work 
in this paper. It is no problem to choose the power series convergent thereby inducing on the extended 
moduli space a smooth analytic structure. The latter is then analytically isomorphic to an open neigh- 
bourhood of zero in H which we denote by the same symbol 7i (and continue doing this every time the 
analyticity aspect emerges). 
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For generic uq, the associated cohomology group ©jH*(g) may not be finite-dimensional 
even for compact manifolds. If, however, z/q comes from a symplectic 2-form u on M , the 
situation is very different. In this case one may use the "lowering indices map" u : ^ 
to identify (g, d) with the de Rham complex on M — it is not hard to check that this map 
sends the differential [z/q • • • -jsch on A'T^ into the usual de Rham differential on The 
(odd) Lie brackets induced on from the Schouten brackets on A'Tr we denote by [ • j,^ 
to emphasize its dependence on the symplectic structure. Hence the deformation functors 
Defg/Def * associated with the dLie-algebra 

^ n 

= r(M, Q^), [ • d = de Rham differential 

1=0 

describe (extended) deformations of a symplectic structure u on M. Its cohomology H is 
nothing but the de Rham cohomology of M. 

A compact symplectic manifold (M, uj) is called Lefschetz if the the natural cup 
product on the de Rham cohomology, 

is an isomorphism for any k < m := ^dimM. This class of manifolds (which includes 
the class of Kahler manifolds by the Hard Lefschetz Theorem) is of interest to us for the 
extended deformation functor Def * associated with an arbitrary Lefschetz symplectic man- 
ifold is non-obstructed and is representable by a smooth moduli space isomorphic to Ti; 
moreover, this moduli space of "extended symplectic structures" is always a Frobenius 
manifold ||lVlel||. This result is more than parallel to the Barannikov-Kontsevich's construc- 



tion of extended moduli spaces/Frobenius structures for Calabi-Yau manifolds — it is just 
another example when their beautiful machinery works (see a nice exposition of Manin 
Mi2| ). 



The extended deformation functor associated with a generic compact symplectic man- 
ifold seems to be obstructed, and one should employ different techniques (see below) to 
study geometric structures induced on moduli spaces of extended symplectic structures. 

2.3.6. Example (deformations of holomorphic vector bundles). Let E ^ M 

be a holomorphic vector bundle on a complex n-dimensional manifold M. There is an 
associated differential Z-graded Lie algebra 

(0 = r(M,EndE®n;,[-i]), [.], a) 

with the Lie brackets, 

[•]: r(M,EndE(g)n'^7^) X r(M,EndE(g)nj7^) ^ r(M, EndE ® HJ^'""^^"^) 

given by 

[Ai ® wi • ^2 ® W2] ■■= {A1A2 - A2A1) ® {Wi A W2) . 

The deformation functor Defg associated with this algebra describes deformations of 
the holomorphic structure in the vector bundle E. It is tempting to view its extension Def* 
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as a tool for studying extended deformations, but we reserve this role for the functor Def * 
associated with a larger differential algebra constructed in 3.1.5 below. 

In general, all these functors are obstructed. 

One may combine this differential Lie algebra (or its extension 3.1.5) together with 
the one of Example 2.3.4 into their natural semi-direct product to study joint (extended) 
deformations of the pair E M. 

2.4. Loo-algebras. These algebras will play only an auxiliary, purely technical, role 
in this paper. 

By definition, a strong homotopy Lie algebra, or shortly L^o- algebra, is a vector super- 
space f) equipped with linear maps, 

/ifc: A'f) ^ ^ 

ViA...AVk — > Hkivi,. . . ,Vk), k>l, ilk = k, 

satisfying, for any n > 1 and arbitrary Vi,...,Vn € P)g U Pij, the following higher order 
Jacobi identities, 

(-l)''+^('~^)e(cT; Vi, . . .,Vn)fii {flk{Vail), ■ ■ . ,Va{k)),V„(k+l), ■ ■ ■,Va(n)) = 0, 

k+l=n+la<^Sh{k,n) 

where Sh{k,n) is the set of all permutations a : {l,...,n} —>■ {1,...,^} which satisfy 
cr(l) < ... < a{k) and a{k + 1) < ... < a{n). The symbol e{a;vi, . . . ,Vn) (which we 
abbreviate from now on to e{a)) stands for the Koszul sign defined by the equality 

A ... A v„{n) = i-iye{a)vi A... Av^, 

a being the parity of the permutation a. 

The Z-graded version of this definition would require fik to be homogeneous of degree 
2-k. 

This notion as well as the associated notion of Aoo-algebra (reminded below) are due 
to Stasheff [0. 

The first three higher order Jacobi identities have the form 
n = l: d"^ = 0, 

n = 2: d[vi,V2] = [dvi,V2] + {~iy^[vi, dv2], 

n = 3: [[v,,V2],Vs] + {-lY'^^+'"'''>'''[[vs,v,],V2] + {-^^^^^^ 

^3{dVi,V2,V3) - {-iy''fis{vi,dv2,V3.) - (-1)''''+''^ fis{vi, V2, dvs) , 

where we denoted dvi := /ii(fi) and [fi,f2] := fJ'2{vi,V2)- 

Therefore, Loo-algebras with fi^ = for k > 3 are nothing but the usual differential 
Lie superalgebras with the differential /ii and the Lie bracket fi2- If, furthermore, /ii = 0, 
one gets the class of usual Lie superalgebras. 
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2.4.1. Odd Loo-algebras. To make the above picture consistent with the choices 
made in Sect. 2.1, we should change the parity of f). Hence we shall work from now on with 
g := n{) and denote 

for all ri > 1. This change of grading also unveils, through the following three observations, 
a rather compact image of the Loo-structure itself: 

1) The vector superspace ©'g = 0"0 has a natural structure of cosymmetric 

coalgehra, 

n 

A(W1 . . . W„) = ^ ^ e(cr) ... W„{i)) ... Wa{n)) ■ 

*=1 a-€Sh{i,n) 



2) Every coderivation of this coalgebra, i.e. an odd map Q : 0*g —>■ 0'g satisfying 
A o Q = (Q Id + Id Q) o A, is equivalent to an arbitrary series of odd linear 
maps, Hn : 0"g Q. 



3) A CO differential Q = {fi^} is a differential, i.e. = 0, if and only if /i„ satisfy the 
higher order Jacobi identities. 

In conclusion, an (odd) Loo-structure on g is equivalent to a co differential on (0*g, A). 

2.4.2. Loo-morphisms, part II. Given two Loo-algebras, (g, and (g',/i'^). A 
Loo-morphism F from the first one to the second is, by definition, a differential coalgebra 
homomorphism 

F:(0-g,A,g)— .(0V,A,Q'), 

i.e. a linear map F : 0'g 0*g' satisfying (F F) o A = 5' o F and F o Q = Q' o F. 
The first of these equations says that F is completely determined by a set of linear maps 
Fn '■ 0"'g — > g' of parity n + 1, while the second one imposes on these F^ a sequence of 
linear equations. If both input and output of F are usual differential Lie superalgebras, 
these equations are presicely the ones written down in Sect. 2.3.1. 

A Loo-morphism F : (g,/i*) — * (g',/U*) is called a quasi-isomorphism if its first compo- 
nent Fi : g — > g' induces an isomorphism between cohomology groups of complexes (g,/Ui) 
and (g', fi'i). It is called a homotopy of the Loo-algebras, if Fi : g — g' is an isomorphism of 
underlying vector graded superspaces. 

If the Loo-morphism F : (g,yU*) (fl',/^*) is a quasi-isomorphism, then, as was proved 
in ||Ko2|| , there exists a Loo-morphism F' : (g',/i'^) (fl,/^*) which induces the inverse 
isomorphism between cohomology groups of complexes (g,/ii) and (g',/i'J. 

Two Loo-morphisms, F,G : (g,/i*) — > (fl',/^*), are said to be homotopy equivalent if 
there is an odd linear map h : 0*g — > g' such that 

A'oh = F<»h + h<»G, and F = G + Q'oh + hoQ. 
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This map is completely determined by a set of linear maps, {hn '■ Q"'Q —>■ q', hn = n,n = 
1,2,...}, and is called a homotopy of morphisms. The resulting homotopy relation on the 
set of all Loo-morphisms from to (g',/i'^) is an equivalence relation. 

2.4.3. A geometric interpretation of a Loo-algebra g. The dual of the free 
cocommutative coalgebra Q*g can be identified with the algebra of formal power series on 
the vector superspace g viewed as a formal pointed supermanifold (to emphasize this change 
of thought we denote the supermanifold structure on g by Mg). With this identification, 
the Loo-structure /i* on g, that is the co differential Q on ©'g, goes into an odd vector field 



Q on Mg satisfying ||Ko2 

a) = 0, 

b) QI C /, 

where / is the ideal of the distinguished point, G Mg. (An odd vector field on a formal 
pointed superspace satisfying the above two conditions is usually called homological.) 

A Loo-morphism F between two Loo-algebras (fl,/U*) and (fl',/it) is nothing but a 
Q-equivariant map between the associated formal pointed homological supermanifolds, 
(Mg,Q) and (Mg,,Q')- 

2.5. A modified deformation functor. For a general dLie-algebra g, the classical 
deformation functor Def* is not representable by a smooth versal moduli space. At best 
one can use Kuranishi technique to represent Def* by a singular analytic space. There is, 
however, a simple geometric way to keep track of versality and smoothness. The idea is as 
follows. 

First, we extend the input category used in the construction of Def* in Sect. 2.3 to a 
category of differential Artin superalgebras whose Obs are pairs, {B,d), consisting of an 
Artin superalgebra B together with a differential d : B ^ B satisfying 9mg C m^, and 
whose Mors are morphisms of Artin superalgebras commuting with the differentials. A 
Z-graded version of this definition would require d to have degree +1. 

Second, to the "controlling" differential Lie algebra g we associate a new deformation 
functor, 

f the category of differential 1 , r . ^ 

i A.... } {the category of sets} 



by setting 



Artin superalgebras 

{B,d) JlerAB,d) 



Jle<^l{B, 5) = |r e (g ® ms)o \ dT + dT + ^[T • T] = Oj /exp (g ® ms)-,. 
Here the quotient is taken with respect to the following representation of the gauge group, 

adg _ 1 ^ 

r _ r^' = e^'^^T {d + d)g, V(7 G (g ® msh- 

On the subcategory {B, 0) the deformation functor Hcd^g coincides precisely with the 
classical one Def* 
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2.5.1. Remcirk. If, for a derivation 9 : B — > B, an element F e (g ® ms)o satisfies 
the equation (which we sometimes call the Master equation), 

dr + ar + ^fr.r] = 0, 

then 

= d (^dr + 9r + ^[r.r]^ 

= -(9rfr + [rfr • r] 

= -ddv - [ar • r] - ^ [[r • r] • r] 

motivating our assumption above that 9 is a differential in B rather than merely a deriva- 
tion. 

2.5.2. Loo-extension of JXei^* . This extension will be used later only as a technical 
tool in the study of ile4)* for usual differential Lie superalgebras 0. 

Given a Loo-algebra we define, 

f the category of differential 1 , r , -. 

Hedb* : < a ^- i i ( — 1 the category of sets ^ 

[ Artm superalgebras J 

by setting 

9) = I r e (g ® mB)6 1 = J] ^—^^^ /i„(r ..... r) | / ~ 

Here the quotient is taken with respect to the gauge equivalence, ~, which is best described 
using the following geometric model of the JIe({)Ormation functor. 

In Category"^, both the differential Artin superalgebra, {B,d), and the Loo-algebra, 
(g, fi^), are represented by formal pointed analytic homological superspaces, (Mg, 0, d) and, 
respectively, {Mg,0,Q). Then the set 

f ^ ~ f_l)n(n+l)/2 ] 

-5= jre (0®mB)o |5r = J]^^-^ /x„(r. ....r)| 

is just the set of all formal maps of pointed supermanifolds, 

r:(MB,0)^(M„0), 
satisfying the equivariency condition 

dT{d)=T*{Q). 
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The latter is precisely the (Loo-generalization of) the Master equation. 

Both superpaces, (Mg, 0, d) and (Mg, 0, Q), are foliated by integrable distributions, 

Vg := {X G TMs \X =[d, Y] for some Y e TM^}, 
Vq := {X' e TMg I X' = [Q, Y'] for some e TMJ, 

and (ir(X'a) C r*('DQ) for any T e S. Hence any such F defines a map, F, through the 
following commutative diagram, 

Mb 

We say that two elements in S are gauge equivalent, Fi ~ F2, if f 1 = f 2. Infinitesimally, 
the gauge equivalence is given by 

rr^r+{d + d)g-J2 ( /.n(^»F«...>F), V^e (0®mB)i. 

n=2 ^' 

2.5.4. Remcirk. If, for a derivation 9 : B — > B, an element F e (8) 1713)0 satisfies 
the Master equation, 

°° / I \n(n+l)/2 

9F = J]^^^ /.„(F.....F), 

n=l 

then, using the higher Jacobi identities (as in 2.5.1), one gets an implication, 

a^F = 0. 



2.5.5. Basic Theorem of Zle^jormation Theory. Let {qi,Qi) and (02,^2) be two 
Loo-algehras (in partucilar, dLie- algebras). An L^-morphism F = {Fn} : 0i — > 02 defines 
a natural transformation of the functors, 



F i^*(r):=Er=i^^n(r,...,F). 

Moreover, if F is a quasi-isomorphism, then F^ is an isomorphism. 
Proof. Assume F e (gi (g) 1113)0 satisfies the Master equation, 

dT{d) = F*(gi). 

The Loo-morphism F, when viewed as map, Mg^ — > Mg^, of pointed formal manifold, 
satisfies, 

dFiQ,)=F*{Q2). 

Hence F*(F), which the same as F o F, obviously satisfies the Master equation in (02, Q2)- 

□ 
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2.5.6. Smoothness Theorem. The deformation functor Re^* is unobstructed, i.e. 
for any dLie-algebra Q with finite- dimensional cohomology the functor Jle^* is ver- 

sally representable by a smooth pointed formal dimll{Q) -dimensional homological super- 
manifold {Tig, d). 

Moreover, the diffeomorphism class of {7ig,d) is an invariant of q. 

Proof. It is enough to show that 

(i) there exists a versal element F e A;[[t]](8)0 and a differential d : k[[t]\ — > k[[t]\ satisfying 
the Master equation 

dr + 9r + ^[r«r] = 0, (2) 



(ii) the differential d, when viewed as a vector field on the cohomological supermanifold 
Tig, is an invariant of Q. 

Unless Q is formal, there is no quasi- isomorphism from (g, [ • ],d) to its cohomology 
(H(0), [ • ]ind)0). However, there always exists a Loo-structure, {/x*,with /xi = 0}, on 
H(0) which is quasi-isomorphic, via some Loo-morphism F, to • ],d). Moreover, this 
structure is defined uniquely up to a homotopy. 

Setting T[i] = Y^. f[ei], in the notations of Sect. 2.2, we define a derivation, d : k[[t]\ — > 
k[[t]], by the formula 

d^in = E /^"(^w • ■ ■ ■ • r[i])- 

n=2 

By Remark 2.5.4, this derivation satisfies = 0. Hence (r[i], d) is a vcrsal solution of the 
Master equation in (H(g),/i*), while {F^{T^i^),d) is, by Theorem 2.5.5, a versal solution of 
the Master equation in (g, [ • ], o?). This proves claim (i). 

The Loo-structure {/x*} on H ~ MP^^ is well-defined only up to a homotopy, {r](n) '■ 
0"H — > H,n > 2,r^ = 0}. Is is easy to check that a homotopy change of the induced 
Loo-structure 



does change the differential, 

but in a remarkably geometric way. 



d' = d7]{d), 

where rj : MF^'^ — > R^l^ is just a formal change of coordinates 

f ^t'^ = f + J2 ^Vkjkt't' + E ±vk,kit't't^ + ■■■ ■ 

j,k j,k,l 

Put another way, a homotopy change of /x* affects only the coordinate representation of 
the vector field d on Tig. As a geometric entity, this is an invariant of g. □ 
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2.5.7. Corollary. The derived category of Loo-algehras with finite- dimensional co- 
homology is canonically equivalent to the (purely geometric) category of pointed formal 
homological supermanifolds, (7i,(9, 0), with d satisfying dl C P, I being the ideal of the 
distinguished point G 7i. 

Proof. It is well-known that each quasi-isomorphism of Loo-algebras is a homotopy 
equivalence. Thus the derived category of Loo-algebras is equivalent to the their homotopy 
category. Then the required statement follows immediately from an observation made in 
the proof of Theorem 2.5.6 that, for any homotopy class of Loo-algebras [g], the associ- 
ated homotopy class of Loo-structures induced on the cohomology H(0) is isomorphically 
mapped into one and the same homological manifold (Tig, d,0). □ 

2.5.8. Remarks, (i) The origin of the vector field d in Theorem 2.5.6 can be traced 
back to Chen's power series connection . This will be made apparent in Section 4 where 
we give another, perturbative, proof of the above Theorem. From now on we call d the 
Chen's differential or Chen's vector field. 

(ii) The higher order tensors /x* induced on the cohomology H(0) by a Loo-quasi- 
isomorphism from a dLie-algebra q coincide precisely with the Massey products when they 
are well-defined and univalued. Thus the Chen's differential gives a compact (and invariant) 
representation of the homotopy class of Massey products. 

2.5.9. Extended Kuranishi moduli space. Since the Chen's vector field d on Ti, 
is homological, the distribution 

Vq = {XeT-H I X = [d,Y]hi some Y e Ty} 

is integrable (cf. Sect. 2.5.3). Indeed, the Jacobi identities imply 

r]] = [5, Y]]]. 

Consider an affine subscheme, 

"Zeros(a)" := Spec k[[t\]/ < dt\ . . . , dtP+'^ >, 
of zeros of the vector field d. The distribution Vq is tangent to "Zeros(9)" since [d, [d, X]] = 



0. We define the extended Kuranishi space, /Cg, as the so called non-linear homology [BK 



Ma2|, |Ba| of the Chen differential, i.e. as the quotient "Zeros(9)"/Pa. (For our purposes it 



is enough to understand the latter as Spec k[[t]] fl Kerd/ < dt^, . . . , dt^'^'' >.) This passage 
from (TC, d) to /Cg establishes a clear link between the unobstructed deformation functor 
Zlec})* and the classical one Def *. 

Kuranishi spaces. Kg, originally emerged ||Ku| , |GM|| in the context of the deformation 
functor Defg associated to a cohomologically split Z-graded dLie algebra q. It is not hard 
to see that Kg is a proper subspace of the extended Kuranishi space /Cg. We will see below 
that for a rich class of dLie algebras g — the so-called (homotopy) Gerstenhaber algebras 
— the tangent sheaves to the smooth parts, /Cgmooth) of the associated extended Kuranishi 
spaces are canonically sheaves of associative algebras. This structure is not visible if 
working in the category of original (non-extended) Kuranishi spaces K only. 

2.6. Cohomological splitting. It is very easy to compute Chen's differential once a 
cohomological decomposition of a dLie-algebra g under investigation is chosen. The latter 
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means the data {i,p, Q), where i : H(0) — > g is a hnear injection, p : q — > H(0) a hnear 
surjection, and Q : Q — > Q an odd hnear operator, ah satisfying the conditions, 

p o i = Id = i o p ® dQ ® Qd, 

in Endfc(g). 

Such a decomposition of g often occurs in (complex) differential geometry [Ku 



where typical dLie-algebras come equipped with a norm || || and their cohomologies H 
get identified with harmonic subspaces. Harm := Kerrf fl Kerd* C g, d* being the adjoint 
of d with respect to || ||. The operator Q is then Gd*, where G is the Green function 
of the Laplacian □ = dd* + d*d. In this situation the formal power series solution, F, 
of the Master equation as well as the associated Chen's vector field can be chosen to be 
convergent inducing, thereby, the structure of analytic (rather than formal) homological 
supermanifold on Ti. 

It is not hard to check that, given a cohomological splitting of g, the pair, (F, d), given 
recursively by 



[1] 



^fci e KerQ n Kerd 



r[2] = -^g[F[i](t).F[i](t)], 

r[3] = -\q ([r[i](t) . F[2](t)] + [Fp](t) . F[i](t)]) 



rN = -^Qf£[r[.](t).F[„_fc](t)]) (3) 



and 



9p(F[i]):=-ip([F.F]) 



give an explicit versal solution of the Master equation in g. 

The above power series for F is well known in the classical Deformation Theory |0, |Ku 



where it plays a key role in constructing Kuranishi analytic moduli spaces. This series is 
essentially an inversion of the Kuranishi map ||Ku|| in the category of Loo-algebras. 



2.7. Formality and fiat structures. If an algebra {Q,d, [ • ]) is formal, then, as 
follows from the proof of Theorem 2.5.6, the associated homological supermanifold (Tig, d, 0) 
has a canonical flat structure V. In the associated fiat coordinates f, the Chen's vector 
field d has coefficients which are polynomials in of order < 2. (This observation can, in 
fact, be made into a geometric criterion of formality.) More precisely, the following is true. 

2.7.1. Theorem. For any formal dLie-algebra g there is a canonical isomorphism of 

sets, 

( Flat structures on Hn such that VxVyVz<9 = 1 f Homotopy classes 1 



for any horizontal vector fields X,Y and Z \ [of formality maps 
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Let us choose a basis, (sj, i = 1, . . . ,p + g}, in the (p|g)-dimensional vector supcrspace 
H(0), and let {f } be the associated hnear coordinates. We shall need, for a short time, a 
category Artinfe[[t]] consisting of Artin superalgebras of the form 

An := k[[t\ tP+'^]]/ < {tY' ■ ■ ■ > . 

Denoting the maximal ideal of such a supcralgcbra by mjv, we set {g ® 'niAr)versai to be 
a linear subspacc in g (g) mjv consisting of even elements, F, satisfying T mod ttin — 0, 
r mod mff e Ker d, and 

p+g 

(r mod m%) mod \rr\d — fsi. 

i=l 

This set is invariant under the action of the gauge group exp(0 (g) mjv)i (see Sect. 2.5). 
2.7.2. Lemma. For any formal dLie-algebra g there is a canonical isomorphism of 



sets, 



|r e (0 ® m^)versai \ dT + dT + \[T • T] = o} Formality maps 

lim -^^ — 



gauge group homotopy equivalence ' 

where the projective limit is taken over the category Artinfe[[t]]. 

Proof. For any An G Artinfc[[j]], the Master equation in the Lie algebra (H(0) ® 
»4.Ar, [ • ]ind) has a canonical versal solution, 

p+q p+q _ p. 

1=1 i,j,k=l 

where C^j are the structure constants of [ • ]ind- 

If g is formal, and F = {F„ : 0"H(0) — > g, n = 1, 2, . . .} is a formality map, then, by 
Theorem 2.5.5, 

oo ^ 

r:= y;-F„(ro,...,ro), the same a, 

n=l 

is a versal solution of the Master equation in g® An- 

It is easy to check that an arbitrary homotopy change, 

of the formality map, say the one induced by a set of hnear maps h — : 0"H(g) — > 
g,hn — n,n — 1,2, . . .}, change the versal solution F into a gauge equivalent one, 

F^ F^ 

where 

i i,j i,j,k 
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Hence there is a canonical map, 

Formality maps ^ {re(g0mAf)versalMr+ar+|[r.r]=o} 

homotopy equivalence ' gauge group 

F = {F„ : 0-H(0) ^ 0, n = 1, 2, . . .}/ ^ E^Li ^M^O: • • • , To)/ ^ 

which imphes (almost immediately) the desired result. □ 

2.7.3. Proof of Theorem 2.7.1. Let Diffo be the group of all formal diffeomorphisms 
of Hg = H(g) into itself preserving the origin, and set 

DifFo,a :— {0 e Diffo I 0*(^) 'S quadratic in . 

Note that DifFo,a = Diffo if the Chen's vector field d vanishes. In general, 

GL{p + q)C Diffo,a C Diffo. 

There is an obvious isomorphism. 

Flat sructures on Hq such that V^VyV^S = 1 _ Diffo,a 



for any horizontal vector fields X, Y and Z j GL{p + q) ' 
On the other hand, by Theorem 4.2.2 (see below). 



Diffo,9 

lim 



|r e (s ® miv),ersai \ dV + dV + l[T • T] = o} 



GL{p + q) <— gauge group 

The final link in the chain of canonical isomorphisms is provided by Lemma 2.7.2. □ 

2.7.4. Corollary. For any compact Calabi-Yau manifold, there is a canonical iso- 
morphism of sets, 

Flat connections on Barannikov — Kontsevich's 1 f Homotopy classes 



moduli space of extended complex structures j 1 of formality maps 



3 Homotopy Gerstenhaber algebras 

3.1. Differential Gerstenhaber algebras. A differential Gerstenhaber algebra, or 
shortly, a dG-algebra, is the data (g, d, [ • ] , • ) where 

(i) (g, (i, [ • ]) is a Z-graded dLie-algebra as defined in Sect. 2.2.1; 

(ii) (0,0?, • ) is a differential Z-graded associative algebra with the product 

• : ® — > 

a<S>b — > a • b, 

having degree 0; 
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(iii) the binary operations [ • ] and ■ satisfy the odd Poisson identity, 

[a*{b-c)] = [a*b]-c+ {-lY^'-^H ■ [a • c], 

for all homogeneous a,b,c G g. 

A dG- algebra is called graded commutative if such is the dot product. 

The identity in q is an even element cq such that deo = 0, cq ■ a = a ■ cq = a and 
[eo • a] = for any a E Q. It defines a cohomology class [cq] in H, and a constant vector 
field on 7i which we denote by e. 

3.1.1. Remark. If g is a unital dG-algebra, then a versal solution, F, of the Master 
equation (Q) in g can (and will) be always normalized in such a way that 

eV = Co- 

3.1.2. Differential Gerstenhaber-Batalin-Vilkovisky algebras. Let (g, • ) be a 

Z-graded commutative associative algebra over a field k. Let us say that the zero operator, 
• 0) is of order —1, and let us denote the linear operator, x — > a ■ x, of left 
multiplication by an element a G g by A homogeneous linear operator, D : q —>■ q, is 
said to be an operator of order k if the operator [D, la] is of order k — 1 for any homogeneous 
a in g. 

Assume now that (g, ■ ) comes equipped with 

(i) a degree +1 linear operator, d : g — > g, of order 1, and 

(ii) a degree —1 linear operator, A : g ^ g, of order 2, 
satisfying the conditions, 

= 0, = 0, dA + Ad = 0. 

In this case the data 

id,d, • , [ • ]) 

with 

[a . b] := (-l)^A(a ■ b) - (-l)'^(Aa) ■ 6 - a ■ (A6), Va, b E g, 

defines a dG-algebra |Ma2[| . The dG-algebras arising in this way are often called exact or 
dGBV-algebras. 

3.1.3. Example (complex manifolds). For any n-dimensional comlex manifold M 
the differential Lie algebra of Example 2.3.1, 

g= (f(M,A-Tm®A-T;,), a, [.]), 

equipped with a supercommutative product, 
A : F(M, A'^Tm ® A^'TIj) x F(M, A'^Tm ® A^'T*j,j) F(M, A'^+'^Tm ® A^'+^^tIj) 
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is a unital Z-graded commutative dG-algebra. 

If M admits a nowhere vanishing global holomorphic volume form, Vl G r(M, fi^), 
then the above dG-algebra is actually exact |ri|, [T^, |BK|| with A being the composition, 

Here '■ ^*Tm —>■ fi*/ is the natural isomorphism given by contraction with the holomor- 
phic volume form, and d is the (1, 0)-part of the de Rham operator. 

3.1.4. Example (symplectic manifolds). For any symplectic manifold {M,uj) the 
dLie algebra of Example 2.3.5, 

together with a graded commutative product, a-b := a Ab, is a unital Z-graded dG-algebra. 
Moreover, it is a dGBV-algebra with the 2-nd order differential given by 

AU = (-1)''+Ud*. 

Here * : fi^ — *• is the symplectic analogue of the Hodge duality operator defined 

by the condition, /3 A {*a) = {P,a)uj"^/m\, with (, ) being the pairing between fc-forms 
induced by the symplectic form. 

3.1.5. Example (vector bundles). Let M be a complex manifold, and rr : E ^ M 
a holomorphic vector bundle. There is a complex of Z-graded sheaves {Q'E A'E*, A), 



^ O'^+^E A^+^E* ^ Q^E ® A^E* ^ Q^~^E ® A^'^E* — 



. . . , 



where the differential A is just the contraction, the Z-grading is induced from the one on 
A'E, and we set Q^E = A^E* = for /c < 0. It is easy to see that A is a linear operator 
of oder 2 with respect to the natural supercommutative product, 

Q'E® A'E* X Q'E® A'E* — ^ Q'E Q A'E* 

{ai Q bl) X {a2 Q bl) — > (ai © aa) ® (6^ A 6*). 

Hence the data 

0= (00',0'- nM,Q'EQA^E*Qni,), A, B 

\ k i+j=k 

is a unital dGBV-algebra. It extends the dLie algebra of Example 2.3.6, as the following 
calculation shows. 

Proposition. The bracket [ • ] on Q'EqA'E*, when restricted to EqE* , coincides, 
up to a sign, with the usual commutator of morphisms. 
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Proof. Let us consider a pair of germs, Ci = ai ® bl and C2 = a2 ^ b^, in the same 
stalk ofE^E*. Then 

[C1.C2] = {-lf'A{C,-C2)-{-lf'A{C,)-C2-C,-A{C2) 

= -A ((ai 02) ® (6t A 6;)) + A(ai ® 6*) ■ (as ® 62) - (ai ® &i) ■ A(a2 ® b^) 
= -(ai, 61) a2 ® 62 + («b ^2) 02 ® &t - (^2, ai ® 62 
+ (02, 62) fli ® &i + (fli, ^1) 02 ® 62 ~ (^^2, ^2) cti <8 6t 

= (ai, 62) 0.2 ® - (^2, ai ® &2 
= — (C1C2 — C2C1) , 

where angular brackets stand for the usual pairing between a vector and a 1-form. □ 

There is a problem with the constructed dGBV-algebra — its cohomology may not 
be finite dimensional even for compact manifolds. It is can be resolved by passing to its 
dGBV-subalgebra, 

SE= (00',/:= r(M,0^E®A^E*®n^), A, aj . 

\ k i+j=k / 

If necessary, the asymmetry of E and E* can be eliminated by taking the tensor 
product Qe® Qe*- 

3.1.6. Example (Hochschild cohomology). Let A be an associative algebra over 
a field k. The Z-graded vector space of Hochschild cochains, 

00 

C'{A,A) :=0Hom,(A«^A), 

n=0 

can be made into a Hochschild complex with the differential, d : C'^{A, A) — > C'^~^^{A, A), 
given by 

n 

{df){ai (8) ... (8) On+i) := 01/(02 <8) . . . <8) o„+i) + ^(-l)V(ai (8) ... OiOj+i (g) . . . (g) On+i) 

i=l 

+ (-1)"+V(0i ... On)On+i 

for any / e C"(^,A). 

One can define two binary operations, C*{A, A) (g) C*{A, A) — > C*(A, A), the degree 
dot product, 

(/•5)(oi®...®Ofc+,) := (-1)^=7(01 (8)...(8)Ofe)^(oi®...®oO, V/ e C''{A,A),g e C\A,A), 
and the degree —1 bracket, 

[/•g] :=/o^-(-l)('=+^)('+^)^o/, 

where 

fc-i 

ifog){ai^. . .mk+i-i) ■■= ^(-Ij^'+^^^'+^^K^)- ■ .®Oj®^(oi+i(8). . .00^+,)®. . .mk+i-i)- 

1=1 
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These two make the Hochschild complex into a Z-graded differential associative algebra 
and a differential (odd) Lie algebra respectively. Though {C*{A,A),d, [ • ], ■ ) is not a 
dG-algebra, it is a remarkabale fact that the associated Hochschild cohomology, 

Hoch-(A^) = ^, 
Im d 

carries the structure of graded commutative dG-algebra with respect to the naturally in- 
diced dot product, Lie bracket and the zero differential. 

3.2. Aoo-algebras. A strong homotopy algebra, or shortly A^-algebra, is by definition 
a vector superspace V equipped with linear maps, 

l^k- — > V 

Vi®...®Vk — > Hkivi, . . . ,Vk), k>l, 

of parity k satisfying, for any n > 1 and any vi, . . . ,Vn e V, the following higher order 
associativity conditions, 

k-l 

^i-'^Yl^k {Vi,..., Vj, Hl{Vj+i, Vj+i),Vj+i+i, ...,Vn)^0, (4) 
k+l=n+l j=0 

where r = l{vi + . . . + Vj) + j{l — 1) + {k — 1)1 and v denotes the parity oi v eV. 

Denoting dvi := f^i{vi) and vi ■ V2 := A*2('yi, '^2), we can spell the first three conditions 
from the above infinite series as follows, 

n=l: d^ = 0, 

n = 2: d{vi ■ V2) = {dvi) ■ V2 + {-Ipvi ■ {dvi), 

n = 3: vi- {v2 ■ V3) - {vi ■ V2) ■ V3 = dji^ivi, V2, V3) + Hsidvi, V2, V3) + {-ly^jisivi, dv2, v^) + 
{-lf^+^^l_i,{v,,V2,dvs), 

Therefore Aoo-algebras with = for k > 3 are nothing but the differential as- 
sociative superalgebras with the differential /ii and the associative multiplication /X2- If, 
furthermore, /ii = 0, one recovers the usual associative superalgebras. 

There is a (finer) Z-graded version of the above definition in which the maps /i„ are 
required to be homogeneous (usually of degree n — 2) with respect to the given Z-grading 
on V. 

3.2.1. Identity. An element e in the 74oo-algebra is called the identity if /xi(e) = 
0, iJ,2{e,v) = H2{v,e) ~ V and /x„(t'i, . . . , e, . . . , i'„_i) = for all n > 3 and arbitrary 
v,vi, . . .,Vn-i e V. 
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3.2.2. Homotopy classes of Aoo-algebras. For a pair of Aoo-algebras, (V,/i*) and 
{V,fi^), there is a natural notion of a Aoo-morphism from V to V which is, by definition, 
a set of linear maps 

F = {fn: ^V, n> 1}, 
of parity n + 1 (or of degree 1 — n in the Z-graded case) which satisfy 

^ . . . ,ffcj, /fc2_fci(fA:i+l, . . .,Vk^), /n-fc,_i(ffc,_i+l, . . .,Vn)) 

k-l 

k+l=n+l j=0 

The first three fioors in the above infinite tower are 
n = 1: /ii = /i2 =: d, 



n = 2: fi2iVi,V2) = H2{vi,V2) + (c?/2)(f i, ^2), 



n = 3: ^^z{yl,V2, v^) + /i2(/2K, ^^2), ^^3) - (-l)'''/^2(ai, /2(i'3, ^^4)) = 

IJ'i{.Vi,V2,V-:i) - /2(/i2(t^l,^^2),^^3) + /2(^l,Ai2(^^3,^^4)) + (c^/s) (^1 , ^^2, ^^3) , 



where we naturally extended the differential d -.V V to d : ®^V* ®V ^ (g)^V"* ® V (so 
that, for example, (c(/2)(wi, ^2) = df2{vi,V2) + f2{dvi, V2) + (-1)^1/2(^^1, ^^^^2)) 

A morphism F = {/„} of the Aoo-algebra (V, /i*) to itself is called a homotopy if /i is an 
isomorphism. If (V, fi^) has the identity e, then by a homotopy of (V, /x*,e) we understand 
a homotopy of (V, /i*) satisfying the additional conditions, /n(f 1, . . . , e, . . . , Vn-i) = for 
all n > 2 and arbitrary t>i, . . . , Vn-i € V. 

It is not hard to see that homotopy defines an equivalence relation in the set of all 
possible (unital) Aoo-structures on a given vector superspace V. 

3.2.3. Remark. For future reference we rewrite the n-th order associativity condition 
(I) as 

An{Vi, ...,Vn) = {d^n){Vi, . . .,Vn) 

where 

A„(fl, ...,Vn):= ^ {-ly' fXk+liVi, . . . ,Vj,fll+i{Vj+i, . . . ,Vj+l+i),Vj+l+2, ...,Vn) 

fc + i = n-l 
k.l>l 

and r' = {l + l){vi + ... + vj) + jl + k{l + 1) + 1. 

3.2.4. Remark. It follows from (^) for n = 3 that the cohomology, 

_^ Ker^ 
Im 111 
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of a (unital) Aoo-algebra {V, fi^,) is canonically a (unital) associative algebra. Moreover, 
a homotopy class of (unital) Aoo-structures on V induces one and the same structure of 
(unital) associative algebra on H{V). 

3.2.5. The bar construction. There is a conceptually better interpretation ^ of 
an Aoo-structure on the vector superspace V as a. co-differential on the bar-construction of 
V. Here are the details: 

(i) The vector space 

oo 
n=l 

is naturally a co-algebra with the co-product given by 

n 

A{wi (g) . . . Wn) = '^{Wi0 . . . Wi) S {Wi0 . . . Wn) ■ 
i=l 

(ii) A linear map Q : B(y) — * B{V) is said to be a co- derivation if AQ = Qsld + ldsQ. 
There is a one-to-one correspondence between such co-derivations and Hochschild 
cochains understood as elements of Hom(B(y), V). 

(iii) A homogeneous (of degree —2) Hochschild cochain fi^ : B{V) — > V defines an A^o- 
structure on V if and only if the associated co-derivation Q is a co- differential, i.e. 
satisfies = 0. 

In this setup, a morphism (V^, /i*) {V ,jl^) as in 3.8.1 is precisely a morphism of the 
associated bar-constructions respecting co-differentials. 

3.3. Coo-algebras. This notion is a supercommutative analogue of the notion of 
Aoo-algebra. 

Let be a Z-graded vector space and B(\^) its bar construction. One can make the 
latter into an associative and graded commutative algebra by defining the shuffle tensor 
product, ® : B(\/) ® B(\/)^B(V), as follows 

{Wi® ...®Wk)®{Wk+l® ...®Wn) := ^ e{a\Wi,...,Wn)w„(^i)®...®W^{n). 

a£Sh{k,n) 

Here we used the notations explained in Sect. 2.4. 

By definition ||GJ|| , a strong homotopy commutative algebra, or shortly. Coo-algebra is 
an y4oo-algebra {V, fi^,) such that the associated Hochschild cochain fi^, : B{V) — > V factors 
through the composition^ 

natural 

B(y) B{V)/B{V)®B{V) ^V. 

This implies, in particular, that 

/W2(t^l,t^2) = (-l)'^'>2(^^2,t^l) 

''Such cochains are often caUed Harrison cochains. 
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for any fi, f2 G V. 

One defines notions of unital Coo-algebras, of a morphism of Coo-algebras, of their 
homotopy etc. in the same way as in the Aoo-case. 

3.4. Coo-algebras. Let \^ be a Z-graded vector space and let 

oo 

l\e{V[ir) = Y.l\e\V[ir) 

k=l 

the free graded Lie algebra generated by the shifted dual vector space ^[1]*, i.e. 
l\e\V[lY) := V[l]*, L\e''iV[l]*) := [V[l]*, L\e''-\V[lY 



The Lie bracket on Lie(l^[l]*) extends in a usual way to the skew-symmetric associative 
algebra 

oo 

A'l\e{V[ir) = Y.A'lHV[ir), 
making the latter into a Gerstenhaber algebra. 



3.4.1. Definition [[Tal] , \n]\ . A homotopy Gerstenhaber algebra, or shortly Cc 



algebra is a graded vector space V together with a degree one linear operator 

Q : A*Lie(l^[l]*) — > A*Lie(F[l]*) 

such that = and Q is a derivation with respect to both the product and the bracket. 

A Goo-morphism, V V, of Coo-algebras is by definition a morphism, (A'Lie(l^[l]*), Q) 
{A*L\e{V'[l]*),Q'), of associated differential Gerstenhaber algebras. 

The definition 3.4.1 makes sense only in the case when V is finite-dimensional. How- 
ever, an obvious dualization fixes the problem |T^ 



(i) The dual of Lie(V[l]*) can be identified with the quotient B{V)/B{V) ® B{V), 
being the shuffle tensor product. 



(ii) Derivations of A*Lie(y [1]*) can be identified with arbitrary collections of linear maps. 



m 



: V[l]* — > Lie'=^(\/[1]*) A ... A Lie'="(V[l]' 



which upon dualization go into linear homogeneous maps, 

fci,...,fe„ shuffle products ^ ^ shuffle products 

of degree 3 — n — ki — . . . — k^. 

(iii) the condition = translates into a well-defined set of quadratic equations for 
fnki,...,k„ which say, in particular, that rrii is a differential on V and that the product, 
Vi-V2 := (— l)''^m2(fi, f 2), together with the Lie bracket, [fi»f2] := — (— l)''^mi^i(t>i, ^2), 
satisfy the Poisson identity up to a homotopy given by m2,i. Hence the associated 
cohomology space H is a graded commutative Gerstenhaber algebra with respect to 
the binary operations induced by m2 and mi^i. 
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The identity in a Goo-algebra V is an even element e such that all mk^^,,,^kS- • • , e, . . .) 
vanish except m2(e,f) = v. 

3.4.2. Theorem-construction. There is a canonical functor from the derived cat- 
egory of unital Goo-algebras with finite- dimensional cohomology to the category of F^o- 
manifolds. 

Proof. Since each quasi-isomorphism of Goo-algebras is an equivalence relation, the 
derived category of Goo-algebras coincides with their homotopy category. 

We construct the desired functor, 



Derived category 
of Goo algebras 



oo 

manifolds 



in two steps. 

Step 1. Suppose we are given a homotopy class. 



[ ], of Goo-structures on a graded 
|Ko3|| , a cohomological splitting of the 



vector space V . By Kontsevich's Lemma 1 in 
complex (V,mi) transfers [ ] into a homotopy class, [A*Lie(H[l]*), Q], of minimal Goo- 
algebras on the finite-dimensional cohomology space of the above complex. Moreover, 
this class does not depend on the choice of a particular cohomological splitting, and it is 
homotopy equivalent to the original one. 

Step 2. Let X be the multiplicative ideal in A*Lie(H[l]*) generated by the commutant 
of Lie(H[l]*). Any differential Q from the induced homotopy class preserves this ideal and 
induces, through the quotient A*Lie(H[l]*)/X, a homotopy class of Loo-structures on V 
which, by Corollary 2.5.7, can be identified with an odd vector field d on the associated 
cohomological supermanifold Ti satisfying dl C P and [E, d] = d, I being the ideal of the 
distinguished point G ?i and E the Euler vector field. We claim that the rest of the data 
listed in Definition 1.1 gets induced on Ti through the quotient A*Lie(H[l]*)/2r^. Indeed, 
what is left of a differential Q on this quotient can be described as a collection of tensors, 
which, in a basis {ca} of H, are represented by their components, IJ'bi...bk,ci,...,cii 
k > 1,1 > 0. The Chen's vector field d and the tensors /i^ defining the structure of a 
Goo-algebra on the tangent sheaf 7^ are then given by formal power series. 



Cl,...,Cl 



l>0 



and 



bfc,Cl,...,C; 



at" 



l>0 



where are the associated linear coordinates on Ti. to which we assign degree 2 — |ea|. It 
is easy to see that the Goo-identities for mk^i,...^i get transformed into the right identities 
for the tensor fields d and /i^ on Ti. This completes the construction. □ 



3.4.3. Corollary. For any unital Goo- algebra with finite dimensional cohomology, the 
tangent sheaf to the smooth part of the extended Kuranishi space, Ai = "zeros(a) "/'m f^i, 
is canonically a sheaf of induced (unital) associative algebras. 

It will be interesting to find out when A^smooth with its canonically induced structure 
3.4.3 is an F-manifold in the sense of Hertling and Manin ||HM|| . 
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3.5. Remark. Different "resolutions" of the chain operad in the httle disk operad 
give different notions of homotopy Gerstenhaber algebra 0. The definition 3.4.1 is the 
most canonical one. However, the functor F^o is not an equivalence in this case. 

The proof of Theorem 3.4.2 suggests one more version: a reduced homotopy Gersten- 
haber algebra is a graded vector space V together with the structure of Goo-algebra such 
that all composition maps mk^^,,,^k„ vanish except mfci,i,...,i. The derived category of such 
algebras is equivalent to the category of Foo-manifolds (cf. Theorem 2.5.7). 

3.6. Formality and Gauss-Manin connections. A pre-FrobeniuSoo manifold is 
the data (7i, E, V, d, [/i*], e), where 

(i) 7"^ is a formal pointed Z-graded manifold, 

(ii) E is the Euler vector field on Ti, Ef := ||/|/, for all homogeneous functions on H 
of degree |/|, 

(iii) V is a fiat torsion-free affine connection, called the Gauss-Manin connection, on Ti, 

(iv) d is an odd homological (i.e. d"^ = 0) vector field on Ti. such that [E, d] = d, 
VxVyVz<9 = for any horizontal vector fields, X,Y and Z on TC, and dl C P, 
I being the ideal of the distinguished point in H, 

(v) [fin '■ ®^Th ~^ G N, is a homotopy class of smooth unital strong homo- 
topy commutative (Coo) algebras defined on the tangent sheaf, T-n, to H, such that 
LicEfin = ^nfin, for all n eN, and fii is given by 



(v) e is the fiat unit, i.e. an even vector field on Ti such that [d, e] = 0, Ve = 0, 
/X2(e, X) = X, VX G T-n, and //„(. . . , e, . . .) = for all n > 3. 



3.6.1. Theorem. There is a canonical functor from the category of pairs {g,F), 
where g is L^-formal unital homotopy Gerstenhaber algebra and F a formality map, to the 
category of pre-FrobeniuSoo manifolds. 

Proof. The desired statement follows immediately from Theorem 2.7.1 and a version 
of Theorem-Construction 3.4.2 where the formality map F is used to transfer the Goo- 
structure from the algebra to its cohomology. □ 

3.6.2. Theorem. // a homotopy Gerstenhaber algebra g is quasi-isomorphic, as a 
Lao-algebra, to an Abelian dLie algebra, then the tangent sheaf, to its cohomology viewed 



/ii : Th 
X 



/Xi(X) :=[5,X]. 
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as a linear supermanifold is canonically a sheaf of unital graded commutative associative 
algebras. 



Proof. In this case (9 = and yU2, which is now defined uniquely, makes 7^ into a 
sheaf of unital graded commutative associative algebras. □ 



4 Perturbative construction of Foo-invariants 

The purpose of this section is to give second "down-to-earth" proofs of some of the main 
claims of this paper. Our approach here is based on perturbative solutions of algebro- 
differential equations rather than on the homotopy technique used in the two previous 
Sections. 

First comes a perturbative proof of the Smoothness Theorem 2.5.6. 

4.1. Theorem (Chen's construction). For any differential Lie superalgebra g, 
there exists a versal element, T e k[[t]] and an odd derivation, d : k[[t]] — > k[[t]], such 
that d"^ — and the equation, 

dr + 9r + ^[r«r] =o 

holds. Moreover, for any quasi-isomorphism of complexes of vector spaces, <p : (g, d) — > 
(H, 0), r may be normalized so that (t>{^[n]) = for all n >2. 

We shall prove this Theorem by induction using (twice) the following Lemma which 
is merely a trancated version of Remark 2.5.1. 

4.1.1. Lemma. Assume the elements T(^n) = Ylk=o^lk] ^ ^[M] ® ^'^^ ~ 
ELo^N e DerA;[[i]] satisfy 

dr(„) + 9(„)r(„) + ^ [r(„) • r(„)] = o mod r+\ 



Then 



satisfies 



^[n+l] ■■= dT(^ri) + d(n)^(^n) + ^ [r(„) • r(„)] mod /"+^ 



dl/j^n+l] = -d^n) (r(n)) mod /"+^ 



4.1.2. Proof of the Theorem. Let 

0:(0,d)^(H,O), 

be a quasi-isomorphism, i.e. a morphism of complexes inducing an isomorphism on coho- 
mology. Since Q is defined over a field, such a quasi-isomorphism always exists (note that 
we do not ask for any sort of a relationship between and the Lie brackets) . 
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Let ti be any representatives of the cohomology classes [e,] in Ker d d Q. We may as- 
sume without loss of generality that 0(6^) = [ej]. Then choosing Fjo] = 0, Fji] := YTi=l't^^h 
and 9[o] = = we get the data (r(i), satisfying the Master equation modulo terms 
in P and the nilpotency condition 9^ = modulo terms in I^. 

Assume we have constructed a versal element r(„) = ^^^=1 ^{k] ^ ^[M] ®Q ^^'^ odd 
vector field = Y^^=2 ^[n] ^ such that the equations 



Pn-. 



dr(„) + 4)r(„) + i [r(,) • r(„)] = o mod 



dl^^ = mod 



are satisfied. 

Let us show that there exists r[„+i] e k[[t]\ (8) and d[n+i] £ H^{TM^) such that 

r(n+l) = r(n) + r[n+l], ^(n+1) = <9(n) + <9[n+l], 

satisfy the equations Pn+i- 

Note that, in the notations of Lemma 4.4.1, one has 

dT{nj^l) + ^(n+l)r(„+i) + - [r(„+i) • r(„+i)] mod /"+^ = dT\ri+l\ + i^in+l] + ^[n+l]r[l]- 

— * 

Let us now define d\n+i\ by setting 

^[n+l]r[i] := -0('0[n+l])- 

As d-^in+i] = by Lemma 4.4.1 and the second equation of P„, we conclude that 

V'[n+i] + ^[n+i]r[i] e (Ker0 n Kerd) (g) /c[[i]][„+i]. 

Since is a quasi-isomorphism, Ker 0n Ker d—\md. Hence, there exists r[„_,_i] e (8)0 
such that 

dV^n+l] = -■0[n+l] - 5[n+l]r[l]- 

Thus the first equation of the system Pn+i holds. This imphes, by Lemma 2.4.2, 

#[n+2] = -<9(^+i)r(„+i) mod/"+^ 
= -4l+i)r[i] mod 
Applying to both sides of this equation, we get 

4n+i)'^(r[i]) = 

implying the second equation of the system P„+i, 

dl^,) = mod 7"+^ 

and completing thus the inductive procedure. 

Finally, we note that Kerd + Ker0 = g for is a quasi-isomorphism. Hence we can 
always adjust r^^+i], n > 1, so that it lies in Ker0. □. 
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4.1.3. Remarks, (i) The role of d in the Chen's construction is to absorb all the 
obstructions so that constructing a versal solution to the Master equation poses no problem 
(cf. Smoothness Theorem 2.5.6). 

(ii) The Chen's differential d is completely determined by F. Indeed, the Master 
equations imply, 

90(r) = -i0([r.r]). 

Decomposing, 

i 

we note that = f mod P. Hence the functions define a coordinate system on Ti 
and the values, df"^{t), completely determine the differential d. 

In particular, if F is (p-normalized, i.e. </)(r[„>2]) = 0, then d can be computed by the 
formula 

'p+q 



i=l 



(iii) We shall understand from now on a versal solution, F, of the Master equations 
and the associated Chen differential d as, respectively, global sections of the sheaves q^Ot-c 
and Tfi onTi (in practical terms, this essentially fixes their transformation properties under 
arbitrary changes of coordinates on the cohomology supermanifold) . 

We call sometimes F a Master function. 

(iv) The argument in (ii) also downplays the role of the quasi-isomorphism used 
in the Chen construction. If F is normalised with respect to a quasi-isomorphism : 
{g,d) — ^ (H,0), then, for any other quasi-isomorphism 0', the same F can be viewed as 
^'-normalized, but in a new coordinate system t'^ = f\P) given by 0'(F) = f\P)[ei]. 
Thus varying quasi-isomorphism used in the construction of F amounts to varying flat 
structure on the pointed supermanifold H. 

(v) Chen has actually invented his differential d in the context of differential associative 



algebras Q. Its Lie algebra analogue. Theorem 4.1, is due to Hain |H]. 



4.2. Gauge equivalence. Let us consider the following action, called a gauge 
transformation, of (8) / on g ® k[[t]]: 

® / X ® k[[t]] — > ® k[[t]] 

g^r — > ■= e^'^^r - s^^{d + d)g. 



4.2.1. Lemma. // F G C>?> k[[t]] is a Master function, then, for any € 0j ® /, the 

function F^ is also a Master function, and both these share the same Chen differential. 

Proof. We have to show that the equation dT + 9 F + i[F • F] = implies 

dT^ + ~^T3 + ^[T3 =0. 
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This follows immediately from the well-known formulae ||GM|| , 

gadg^g-adg ^ ^ _ ad ^adg,^ , ' 8 c' = (9 " acl ^adg ^ ^ . , e^'^sadre"^'^^ = ad^ad^p, 

and 

e"^« [(...) • (...)] = [e"^^(...) • e"<^« (...)] • 

□ 

4.2.2. Theorem. Let q he a differential Lie algebra. For any two Master functions 
on Ti, r and V , there is a gauge function g G r(7i, g eg) /) and a diffeomorphism f : 
(7^,0) ^ (7^,0) snc/i that r = /*(r3) and d = f,{d'). 

A sketch of the proof. Let us fix a quasi-isomorphism cj) : (g, c?) — (H, 0) of 
complexes of Abelian groups, and a coordinate system on Ti in which V is 0-normalized. 

We have rj-,^j = Fji] — (i(yf[i], for some G r(?-^,0 ® /), and = = 0. Hence 
r' = r^[ii mod P and there is a unique diffeomorphism fi-.Ti—^Ti. such that the Master 
function F" := /*(r^'ii) is 0- normalized and Fj'^j = F'^j. Hence, 

rf(ri2]-rf2]) + (a[2]-a[^])F[i] = o 

implying d'^^] = ^p] ^^"^ '^(^'2] ~ Tpj) = 0. Since ^(Fjg] — F'2j) = and is a quasi- 
isomorphism, there exists g[2] G g ® such that Fjg] — F[2] = dg[2]. Hence 

r = (F")^Pi = A*(F3(2)) mod 
Continuing by induction and using Lemma 4.2.1 one easily obtains the desired result. 

□ 

4.2.3. Corollary. The Chen's vector field d onTi is an invariant of q. 

4.3. Differential on 7>^. We fix from now on a dG-algebra g and a Master function 
F on ?-^. The latter is not defined canonically, though the associated Chen differential d is. 

We also fix a quasi-isomorphism, : (g, c?) (H,0), of complexes of Abelian groups. 
This puts no restriction whatsoever on the dG-algebra under consideration. Moreover, our 
main results will not depend on the particular choices of F and we have made — these 
two are no more than working tools. 

The global vector field d onTi makes T-^ into a sheaf of complexes with the differential 

6 : Th — > Tn 

X — ^ 5X:=[d,X], 

where [ , ] stands for the usual commutator of (germs) of vector fields. Indeed, 

{5fx = [9, [a, X]] = dlx] = [d\ X] = 0, 

where we have used the Jacobi identity and the fact that (9^ = 0. 
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This, of course, induces a differential on the sheaf of tensor products, (g) (T^)^'" 
(and on the associated vector space of global sections), which we denote by the same symbol 
S. 

4.4. Deformed dG-algebra. It is easy to check that the map 
(f : k[[t]] (g) — > k[[t]] (g) 

a — > (Fa :— da + da + \r • a\. 

satisfies 

(i) {d^r = 0, 



(ii) d^(a ■ b) = (d^a) ■ b + (-l)«a • d^b 

(iii) d^ [a • 6] = [d^a • 6] - (-1)'^ [a • d^b] 

implying that the data [k[[t]] (8> 0, [•], ■ , rf'") is a dG-algebra. 

The differentials d^ and 6 make the sheaf Q (T^)^^ on Ti. into a sheaf of complexes 
with the differential which we denote by D^. For example, for any germ $ G ® 7^ and 
any germ X e over the same point in H, 

The vector space Hom(7^'^, g (g) O-h) is also a complex with the differential denoted by the 
same symbol D^. 

4.5. Morphism of sheaves of complexes. The versal solution T gives rise to a 
morphism of O-^-modules, 

T: Th ^ On^Q 

X — > T{X) := itV. 

It is not hard to check that T is a monomorphism. 

4.5.1. Lemma. The element T e Hom(7^, (g) C-^) is cyclic, i.e. 

D^T = 0. 

Proof. Applying X e 7^ to both sides of the equation 

dr + arn- i[r«r] =o 

we get 

implying {D^r){X) =0. □ 
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4.5.2. Corollary. For any X e Tn, (f{XT) = 6X T. 
4.5.3 Corollary. For any x ^ Hom((8>'^'7H, 7?^) one has 

D^{Tox)=To{6x). 

Proof. We have, using Corollary 4.5.2, 

D^{Tox){Xu...,Xk) = (f . . . , Xfc)r) - i-lfxiSX^, Xk)T 

= . . . , Xfc)r) - i-i)^xi5x,, . . . , x,)r 

- ... - (-l)X+^i + -+^-i;^(Xi,...,<5Xfc)r 

= (ro5x)(Xi,...,Xfe) 

for arbitrary Xi, . . . , Xk E T-a. □ 
Therefore, the map 

is a morphism of sheaves of complexes. Note that the "projection" map so0 : q^O-h %-c 
satisfies s o o T = Id but does not, in general, respect the differentials. 

Analogously one shows that the morphism T ■ T defined by the commutative diagram 




defines a cyclic element in (Hom(7^^, Ot^), D^). In a similar way one uses muliplicative 
structure in q to construct cyclic elements T - T - T etc.|^ 

For future reference we define a morphism T(„) G Hom(T, q®0-h) by setting T(„+i)(X) := 
'^'^{n+i)- Similarly one defines T(„) etc. 

4.6. Multiplicative structure in 7^. We will show in this subsection that, for any 
dG-algebra g, the associated tangent sheaf T-j-i is always a sheaf of differential associative 
algebras (defined uniquely up to a homotopy). 

4.6.1. Theorem. There exists an even morphism of sheaves, fi E Hom(7^^, 7^^), 
such that 5/1 = and the diagram 




^The cyclicity of T • T, etc., relies on the Poisson identity holding in (g, [ • ] , ■ ,d). 
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is commutative at the cohomology level, i.e. 

[T-T] = [To ^] 

in the cohomology sheaf KerD^/lm associated with the sheaf of complexes (Hom(T^'^ , 

Proof. We have to show that there exists yU G Hom(7^^, Ty) such that 

Y) = fi{6X, Y) + 5r) (5) 

and 

jtT-tT = r)' r + {D^A){X, Y) (6) 

for some A G Hom(7^^,0 On) and any X,YE T^- We shall proceed by induction 
and assume, without loss of generality, that the vector fields X and Y are constant, i.e. 
VX= vr= 0. 

The above equations can obviously be satisfied mod/: just set 

/i[o](x, F) := 0(x r[i] ■ r r[i]). 

Indeed, 

X^r^i] ■ y^r^i] - ^^^^{X, Y) r^ij G Ker n Ker d 

and hence this expression is d-exact. Denote it by dA^{X Y). (We can always normalise 
A[o] so that it lies in Hom(T5|'^, ker Ot^).) This solves mod/. The equation (^)mod 
/ is trivial (recall that (9[<2] = 0). 

Assume now that we have constructed and so that the equations 

5(n)/U(„_i)(x, r) =/i(,_i)(5(„)X, r) + (-i)^/i(„_i)(x,5(„)r) mod/"+^ (7) 
x're^+i) ■ y'r(„+i) = /i(„)(x, ry r(„+i) + (/}^(„)A(„))(x, y) mod /"+i (8) 

hold. 

The Theorem will be proved if we find and A[n+i] satisfying 

(/i(„)(x, r) + /i[„+i])(x, r)) = /i(„)(5(,+i)X, Y) + (-i)^/i(„)(x, r) mod /"+' 

and 

^r(„+2) ■ ^r(„+2) -/i(„)(x, r) r(„+2) -/^[n+i](^) ^) r^i] -(£''"(„+i)A(„))(x, r) = 

= dA^n+i]{X,Y) mod/"+2 

Defining 

;U[„+i](x, r) := (^x'r(„+2) ■ ^r(„+2) - /W(„)(x, r) r(„+2) - (£'^(„+i)A(„))(x, y)j 

we ensure that the morphism 

\n+i]{X, Y) := {T(n+i) ■ ^(n+1) " ^(n+1) ° /^(n) " A(„) ) — T{q) o (X, F) mod /■ 
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take values in the sheaf in Ker0 ® O-h- Since it vanishes modulo I"''^'^, we have, modulo 

Tn+2 

dA[„+i](x, r) = (D[;+i)A[„+i])(x, r) 

= -(i^[» +i)(r(.+i)0 /i(n)) )(^, 

= y) r) + r) r + (-1)^ y) r 

z > 

where we have used Corollary 4.5.2 and the fact that D^{T • T) = 0. Applying (p to the 
last equation, we get 

Y) = /X(„)(5(„+i)X, r) + r) mod 7"+2 

and hence 

dA[„+i](X, F) =0. 

Since Ker (f) n Ker d C \md, there exists A[n+i] (-'^, Y) (which can be chosen to lie in Ker (f) ® 
On) such that 

A[„+i](x, r) = r). 

This completes the inductive procedure and hence the proof of the Theorem. □ 

4.6.2. Definition. An even morphism of sheaves, fi G Hom(®^7^, T^^), satisfying 
the conditions of Theorem 4.6.1 is called induced. The associated data {Tn,S,n) is called 
a sheaf of induced differential algebras. 

Clearly, an induced product on is supercommutative if the product • in g is super- 
commutative. 

4.7. (Non) Uniqueness. How unique is the product /i induced on the tangent sheaf 
%i by Theorem 4.6.1? When is it associative? To address these questions we shall need 
the following technical result. 

4.7.1. Lemma, //re B.om{®^Tn,T'H) and B e Rom{0^Tn,Q ® Oh) satisfy the 
equation 

ToT^D^B 

then there exists x ^ Hom((8)'^7^, 7^) and C e Hom((8)'^7^, Ker0 (g) O-^) such that 

(1) B = Tox + D^C, 

(2) T = 5x, i-e. 

T{Xi,...,Xk) = Sx{X,,...,Xk)-{-l)^x{SX,,...,Xk) 
for any Xi, . . . , Xk E T^. 
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Proof. Without loss of generality we may assume that (germs of) vectors fields 
are constant. In view of Corollary 4.5.3 and injectivity of the map T, it is 
enough to show that the equation 

r(Xi,...,Xfcjr = (D^5)(Xi,...,Xfc) (9) 

implies 

B{Xi, . . . , Xfc) = x{Xi, . . . , Xk)T + (D^C)(Xi, . . . , Xfc) 

for some x ^ Hom(®'^77^, 7^^) and C G Hom(®^77^, Ker C?) O^i). We shall proceed by 
induction. 

The equation (|^) mod/ is 

'r[0](-^l5 ■ ■ ■ , -^A:)r[l] = dB[Q]{Xi, . . . , Xfc). 

Hence r[o] = and dB^ = 0. Set 

X[o]{Xi,...,Xk) :=0(5[o](Xi,...,Xfc)). 

Then i?[o](Xi, . . . , X^) — X[o](-^i) • • • i -^A;)r[i] lies in (Ker fl Ker d) ® C^h and hence equals 
dC[o]{Xi, ...,Xk) for some Cp] G Hom((g)^7^, Ker0 O Oh)- 

Assume that X{n) and C(„) are constructed so that the equations 

+ mod/"+^ 

holds. 

Let us show that there exist X[n+i] and C[„+i] satisfying 

> > 

B{n+l){Xi, . . . ,Xk) = X{n){Xi, . . . , Xk)T(^n+2) + Xln+l]iXi, . . . , Xk)Tli] 

+ (Df;^i)C(„))(Xi, . . . , Xfc) + rfq„+i](Xi, . . . , Xfc) mod 

or, equivalently, satisfying 

'^C'[n+l](-'^l, • • • , Xk) = 1pln+l]{Xi, . . . , Xk) — X[n+1](-^1, • • • , -^/fc)r[l] mod J""^^, 

where we have set 

i'[n+i]iXi, . . . , Xk) := -B(„+i)(Xi, . . . , Xk)-X{n)iXi, . . . , Xfc)r(„+2)-(-D[„_^i)C(„))(Xi, . . . , Xk). 

Since '?/'[„+i](Xi, . . . ,Xk) vanishes mod/"+^, this is a monom of degree n + 1 and t\ and 
hence, modulo /"+^, 

(i?/'[„+i](Xi, . . . , Xfc) = (D[„_^i)V^[„+i])(Xi, . . . , Xfc) 

= (^[n+l)^(n+l))(^l, • • • , ^fc) - (T(„+i) O X(„))(Xi, . . . , Xfc) 

= (t-(„+i)(Xi, . . . ,Xfe) - 

n+l)X{n 

Applying to both sides of these equations we get 

r(„+i)(Xi, ...,Xk) = ■■■,Xk) mod /"+^ 
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and hence 

(Xi, . . . , Xfc) = mod 7^"+^) , 

We define X[n+i] by 

X[n+i](^i, . . . , Xfc) := . . . , Xfe)). 

> 

Then . . . , Xk) — X[n+i\{Xii ■ ■ ■ , Xk)^[i] G Ker d Pi Ker (p G \md. This proves the 

existence of C[„+i] and hence completes the proof of the theorem. □ 



If e Hom(®^7>^, 7>^) are two products as in Theorem 4.6.1, then 

To{i_i' - = D^B 
for some B G Hom(®^7>^,g ® and hence, by Lemma 4.7.1, 

- fi" = 5x 

for some odd x ^ Hom(®^7>^, 7>^), i.e. //.' and yU." are what is called homotopy equivalent. 

On the other hand, if n" is a product with the properties stated by Theorem 4.6.1, 
then, for any odd x ^ Hom((g)^7^, 7^), the product 

■= + Sx 

also enjoyes the properties of Theorem 4.6.1. Indeed, by Corollary 4.6.3, 

To/ = Tofi' + To{Sx) 
= To,,' + D^{Tox) 

and hence 

[T ■T] = [To = [r o /x'] 

in the cohomology sheaf Ker /\mD^ . 

Thus the set of products ix induced on T-yi by Theorem 4.6.1 is a principal homogeneous 
space over the Abelian group (5Hom];(®^77^, Tj^). Hence all induced products on each stalk 
of T-}^ combine into a single homotopy class which we call induced. 

4.7.2. Theorem. The sheaf Ty^ is canonically a sheaf of induced homotopy classes of 
differential algebras. 

Proof. We have to show that the homotopy class of products induced on V, is an 
invariant of the dG-algebra under consideration, i.e. that it is independent of the choice of 
a quasi-isomorphism (j) and on the choice of a Master function V used in its construction. 
In view of Remark 4.1.3(iv), it is enough to check the invariance of the product under the 
gauge transformations, 

gadg _ 1 

r^r^:=e^«r {d + d)g, gET{n,Qi0n). 

adp 
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A straightforward analysis of the basic equation (|^) shows that gauge transformation 
changes the tensor A, 

A3 = e"^^ {A{X, Y)-G-T-T-G + G- D^G + G o fj) , 

where G G Horn (7^, q ® O-j^) is given by 

G{X) := ^—{d + d)lg, 

but leaves the product invariant, fi^ = ^. □ 

4.8. Identity in g ^ identity in Tt^. If the dG-algebra under consideration, g, has 
the identity Cq, and the versal solution T is approprietly normalized (see Remark 3.1.1), 
then 

= aeo + e(rfr + ^[r.r]) 

= + rfeo + [eo • r] 
= 0, 

so that 6{e) = 0. We shall show next that the induced homotopy class of differential 
algebras on each stalk of 7?^ containes a canonical subclass of unital differential algebras. 

4.8.1. Theorem. If q has the identity Co, then Ty^ is canonically a sheaf of induced 
homotopy classes of differential algebras with the identity e. 

A sketch of the proof. It is enough to show that there exists a 5-closed element, 
/i G HomQ((8)^77^, 7^^), such that, for arbitrary (constant) X, F G Ty^, the equation 

■ T^r = /i(x, y) r + {d^a){x, y) 

holds for some A G Hom(7;f^0 ® On) satisfying A{X,e) = X and A(e, Y) = Y (cf. (|)). 
Recall (see the proof of Theorem 4.6.1) that at the lowest order we have, 

/i[o](x,r) = 0(^r[i] ■ i^r[i]) 

dAio]{x,Y) = I'rii] ■T'rii] -//[o](x, rjr[i]. 

and hence fi[o]{X , e) = yU[o](e, X) = X and dA[Q]{X , e) = dA[Q-\{e, X) = 0. We claim that A^ 
can be chosen to satisfy A[o](X, e) = v4[o](e, X) = 0. This can be achieved by a replacement, 

A[o](x, r) ^ A[^]ix,Y) := A[o](x, r)-A[o](x,e)- y'r-(-i)^I'r-A[o](e, r) 

+ (-l)^l'r.A[o](e,e)l^r, 

which satisfies, 

dA[,]{X, Y) = dAio]{X, Y), Ajo](X,e) = Ajo](e,X) = 0. 
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This observation allows us to include into the inductive procedure of the proof of 
Theorem 4.6.1 the additional assumptions 

/i(„)(X,e) =//(„)(e, X) = X, A(„)(X,e) = A(„)(e,X) = 0, 

and show, by exactly the same argument as in the case n — above, that they hold true 
for n + 1. 

Thus there does exist a product from the induced homotopy class satisfying n{X , e) = 
IJ,{e, X) ~ X . It is defined uniquely up to a transformation 

H — > l^ + 5x 

with X satisfying e) = x(e, X) = for arbitrary X G Thus what is well-defined is 
the induced homotopy class of unital differential algebras. □ 

4.9. Theorem. For any (unital) dG-algebra g, the tangent sheaf T-j-^ to its cohomology 
supermanifold is canonically a sheaf of homotopy classes of (unital) A^-algebras with 

(i) III — [d, . . .], d being the Chen's vector field, and 

(a) the homotopy class of being the induced homotopy class as in Theorem 4-6.1. 

A sketch of the proof. By Theorem 4.6.1, there exists a product 112 £ Hom((8)^7^, Ty) 
satisfying the equation 

ii2{Xi,X2]r ^Xr-%r + {d''A2){Xi, X2) 

for some odd A2 € Hom(®^7>^,0 On) and arbitrary Xi,X2 € T^. We have, in the 
notations of subsection 3.2.3, 

A3(Xi, X2, Xs)T = ^2(^1, /U2(X2, X3)) - /i2(/^2(Xi, X2), Xgjr 

= Xr ■ (^r ■ ^r) + {D^A2)iXi,fi2ix2, x^)) + r(Xi) ■ (d^A2)(X2, X3) 

- {Xlr ■ T2T) ■ %T - {D^A2){ii2{XuX2),Xs) - {D^A2){Xi,X2) ■ r{x^) 
= {D'^B3){Xi,X2,Xs), 

where 

BsiXi, X2, Xs) := (-l)^ir(Xi) • ^2(^2, X3) - A2{Xi, X2) ■ T{Xs) 

+ A2 (Xi , /i2 (X2 , X3) ) - A2 (;U2 (Xi , X2) , X3) . 

Here we used associativity of the dot product in q, D'"-closedness of T and 5-closedness of 

1^2- 

By Lemma 4.7.1, there exists jis £ HomQ((8)^7^, 7^) such that the 3rd order associa- 
tivity condition, A3 = 5/^3, is satisfied, and 

/i3(Xi,X2,X3jr = Bs{Xi, X2, X3) + {D'^As){Xi, X2, X3) 

for some A3 G HomQ((8)^7^, g On)- 

Exactly the same procedure constructs inductively all the higher order products /x„ £ 
Homji(®"7^, 7^) satisfying the higher order associativity conditions: 
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Step 1. Assume that we have constructed fik £ Hom^((8)'^7^, 7^) and G Homj^_^j^(®'^7^, 
^T-d-i k — 2, . . . ,n — 1, such that = S/ik {k-th order associativity condition) and 

ji^{x;;7r;x^r = y1 ...,x,)- a{x,+„ ...,x,) 

i+j=k 

i-1 



+ ^2 ■ ■ - jXi, fj,j{Xi+i, ■ ■ ■ , Xi+j),Xi+j+i, ■ ■ ■ , Xk) 



i+j=k+l 1=0 
i>2 

J>2 



+ {D'^Ak)iXi,...,Xk) 

—'■ Bk{Xi, . . . , Xk) + {D^ Ak){Xi, . . . , Xfc), 

where we have set Ai :— T and r = j{Xi + . . . Xi) + l{j — 1) + (i — l)j + 1. 
Step 2. Use the above expressions ior T o k — 2,...,n — l, to show that 



A„(Xi, . . . , x,)r = {D' . . . , X,). 

Step 3. Apply Lemma 3.6.1 to conclude that there exists /x„ such that A„ = 5^n {n-ih. order 
associativity condition) and T o jin — Bn -\- An for some An G Hom^^i;((8)'^7^, g (8) 

Finally, we note that at each stage of the above construction the nth product /i„ is 
defined only up to a 5-exact term, 5fn- These arbitrary terms combine all together into a 
homotopy of the 74oo-structure (7^^, //*). □ 

4.9.1. Corollary. The cohomology sheaf on H, 

KerS 



Im S ' 

is canonically a sheaf of induced (unital) associative algebras. 

4.9.2. Corollciry. The tangent sheaf, TA^smooth? to the smooth part of the extended 
Kuranishi space is canonically a sheaf of induced (unital) associative algebras. 

4.9.3. The Euler field. If the dG-algebra g under consideration is Z-graded, then 
the cohomology H and hence its dual H* are also Z-graded. We make k[\t\\ into a Z-graded 
ring my setting 

=0*H*[2]. 

This also induces Z-grading in the sheaves Oh and %i on the supermanifold Ti.. 

If {[ej]} is a basis in H and } are the associated hnear coordinates on V. as in Sect. 
2.2, then 

l^i=2-|[e,]|. 

With this choice of Z-grading on Oyi we ensure that |r| = 2 and hence \d\ — 1, \5\ — 1, 
and = n for all the induced higher order products on Ty^. 
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The Euler field on M is, by definition, the derivation E of /c[[t]] given by 

Ef = \\f\f, V/efc[W]- 

In coordinates. 




i 



This vector field generates the scaling symmetry on {Ti, n^) (cf. |[BK| , 
pose 




then, as follows from the explicit construction of /i„ given in the proof of Theorem 4.9, 
E^^U„ = \{\t'\-\t^\-...-\f-\+n)^^l,,,^. 

Note also that in the presence of identity, [e, E] = e. 

4.9.4. The perturbative proof of Theorem A. The required statement follows 
immediately from the graded commutative version of Theorem 4.9 and Sect. 4.9.3. □ 

4.9.5. A generalization to Goo-algebras. In the perturbative construction of the 
Foo-functor for dG-algebras the odd Poisson identity was used in a few places. For example, 
in the construction of fi2 the only place where we relied on it was the cyclicity of T ■ T, 

D^{T-T) = 0. 

However, a glance at the basic equation (j^) (and its higher order analogues in Sect. 4.9) 
shows that the perturbative argument stands if the cyclicity (and its analogues) holds 
only up to a homotopy. Therefore, the generalization from dG-algebras to Goo-algebras is 
straightforward, affecting only auxiliary tensors An- 
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